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Introduction

¢ An Implicit Representation
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e U C IR? — domain of the volume/range of surface
model.

e Asurface S is a set of ponts

S= (XX = k}

Local Basis Functions
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Introduction

e Framework for Volume Processing/Filtering

e Surface-Modeling Technology

How Do We Represernp

e Linear combination of globdlasis functions

e Linear combination of local locddasis functions
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| sosurface Visualization

e Triangulation (mesh extraction)
— E.g. marching cubes (Lorensen et. al. 87)
— Other related approaches

e “Direct” visualization
— E.g. volume rendering

e Note: not the domain of thistalk
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Surface Normals
Exists for every point in D.
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where x € D.

Gives normal to level set passing through that point
Covention — inside or out (be consistent)

How to compute? (e.g. central differences)
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Local Basis Functions
e Geometry defined by local operations
e Continuous mathematics on ¢

e \oxel manipulations determined by well-defined
numerical methods

The Geometry of |sosurfaces
Surface normals
Curvature

Goal: express the geometry of the isosurface in terms of
derivatives of ¢



Differential Geometry

Surface shapeislocally quadratic
Principal directions— e, e,

Principal curvatures — Kk, k;

kK, +K,

Mean curvature — H = 5=

Gaussian curvature — K = k; x k,

Total curvature— D? = k2 + k3 = 4H? — 2K
ki, =H+VH2—K

Second-Order Structure of The Level Sets

_ kgt 1 _1. Do
H(3) = 152 = 2Tr(N) = 5[0 T
G ( By + Pz) + B ( P+ Pz) +

2 _ —
Hx = (Pt By) — 2000y
2050z — 20, Qe Bz
2+ @ + @)

Second-Order Structure
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Second-Order Structure of The Level Sets

e Gradient of the normal — matrix:

N = [ iy 7]

e Second-order geometry of level set — invariants of N
e Eigenvalues:
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Second-Order Structure of The Levd Sets

Gaussian Curvature

K(X) = kik, = €1€, + €163+ €,8, = 2H(X) — %DZ(@
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Deformable Models

e Basic terminology/mathematics
e Deformation processes (i.e. types)
e Level-Set Surface Models

Eeg -

Second-Order Structure of The Level Sets

Total Curvature

D?(x) = ki +k = |INJ|

Example: Total Curvature of An
| sosurface
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Isosurface of greyscalevolume  Total curvature (lighter is greater)
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Deformable Models Surface Deformation Examples
e Forcing function B
e Locally parametric and changing over time — %( = F_(@
S=g(r,s,t)
e Surface normalsn = n(r,st) e Expand/Contract
e Parameterization isjust a place holder 9% B
— Geometry will be reexpressed without 3¢ = &N
— It will be “forgotten” as the model deforms
Deformable Models
Deformable Surfaces

e Model only local defor-
mation in terms of local
surface structure

e Surface— .7 C IR®
e Loca mapping

S:V xVi IR®
r s "XxV,z

whereV x V C IR?

e Points on surface, X = S(r,x,t), move in a prescribed
manner

e Depends on position and local surface structure of S

(r,s)
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Level-Set Surface Deformation

Two approaches

e Static:
o ox  dk(t)
P(X(t)) =k(t) = D@(@'E e
Eikonal Equation
e Dynamic:
B Q0 dx
o(x(t),) =k = —-=-0¢- o

Implications of this Strategy

No memory (no internal structure)

No specific topology (closed)

Many degrees of freedom — complex shapes

Must solve 3D, nonlinear pde to deform

Can/must specify the deformation pointwise
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Level-Set Surface Deformation

¢ Represent a surface/contour implicit
¢ Change shape by modifying greyscale values

L evel-Set Surface Models

e Embed the surface motionin ¢

o9 dx

_ = — —_— = — .__ 2
5t Dg- 4 = ~De-F(xDo,D%,...),

where D" are nth-order derivatives of ¢

e Appliesto all level setsof ¢
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L evel-Set Surface Deformation Examples

e Forcing function

ox F(X). = @q=—F-Op

ot

e Expand/contract

0X

Finite Differences

e Time— forward differences

n+1__ . n n
Uik= uivj’k+AtAui7j7k,

e Space (to approxmiate Auﬂ j k — depends
— Second-order terms — central differences
— First-order terms — up-wind schemes

| Numerical Methods
Deformation Modes o
_ | | evel.Set bar ameter e Finite differences
Effect Parametric Evolution Evolution Assumptions U ind sch
= = -wind schemes
1 | External force F F-Og None ¢ P
, | Expansion/ GEN G| 0p(E) None e Narrow-band and sparse-field methods
contraction )
3 cu'\r/lv(:tir:re Sr+Ss H|Og| Orthonormal e Notation
S — u. , —nthtime step, i, j,k on grid
auss 51
4 Sr X Ss K|Og| Orthonormal — .. . . .
curvature - Xk 3D position of i, j, k grid point
Principal T . —
5 | Second order St or Ss (H +H2 = K) |Ool curvatures - uir:j,k discrete Samp“ng of qo(xi,j,k7tn)
— assume w.o.l.g. grid spacing is 1 unit
SO B SO B



Up-Wind Scheme
Second-Order Operators
L evel-set motion
Downwind Up wind -
s {_
A - Down-win
Ol j i = 8 )5>£+)ui+1,j,k:ui+1,j,k+ui—l,j,k_Zui,j,k A ence
A o
Ozl = 8 >5z(+)ui+l,j,k = U ke T Y e — 2k
A
Oyl jk = OO
SCI SC
| .. | ||
Up-Wind Scheme
555+)U| ik = (Uigjx— Y e “Non-oscillatory” scheme
& U 2 (U =Yg ) e Use one-sided difference operatorsin gradient of ¢
A Avoid overshoot — create no new contours
U = é(ui+1,j,k_ Ui_q k) *
SCI SC
| .. | ||




Up-Wind Scheme

o Let
£ = (FO(,FA(.F (1)

e Then

F_(ii,j,k) O o) =
2 &uy, for FO(, ) >0

F(Q)()Z_ ) Bt
qu Lk o uhi  for F(q)(xi,j,k) <0

Time Steps

Up-wind scheme:
1
3sup; j kex{IHG(X, Y}, Z)[}

Second-order terms:

At <

1
At < =
H=6
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Up-Wind Scheme

Overshoot creates
“new” level sets

AtAy; limited by
up-wind difference

Second-Order Terms

Central differences— plug and chug
<<5Y”ﬂj.k>2+ (1) 2) Bo k

HY = + ((@u{‘.j‘k>2+ (c&uﬂj.o 2> Syyul’; y + <<5xuﬂj‘k>2+ <6\/Uin.j,k> 2> SzU i
=207 1 U7 Byl — 225yuin,j,k52“in,j.k25>’zuﬁj~k - Zézzuﬁkkéxuﬂi‘ké”uﬁj'k
(3af) "+ (8u0y) "+ (3a0,)
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Narrow-Band Algorithm

Restablish the neighborhood (embedding) when necessary

Surface model (level set)

Narrow band/tube

Sparse-Field Algorithm

Fast: execution time grows with surface elements
Accurate: active set avoids shocks—sub voxel surfacefitting

Conventional — Shocks Sparse-Field

Narrow-Band M ethods

Evolution of level set, ¢(x,t) = k, not impacted by choice of
embedding

Perform calculations for surface evolution only in a
neighborhood of the surface . = {x]@(X) = k}

Sparse-Field Algorithm

Maintain a thin band of
pixels around an active
set

Update active set and
then consecutive layers




Surface Morphing
Whitaker and Breen, 1998; Breen and Whitaker 2000
Two parts of morphing:

1. Warping — coordinate transformation

. . . . . |a/e|_%t
2. Blending — “filling in” details «— surface
models

SO By

Example

Eeg -

Applications
Surface morphing
Filleting

Antialiasing binary volumes

Inverse problems (surface estimation)
Other

Surface Morphing
Strategy

Expansion/contraction — depending on signed-distance
transform to “target”

&K — yg (X)) A(X(L)) VX(E) € A

i}
9295 — |0¢(%) |y (X)




Filleting and Blending
Whitaker and Breen, 1998

Modify mean curvature flow to “filling in” material

oQ
= = |0¢| [max(k;,0) 4+ max(k,, 0)]
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Blending

1
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Solid Models

Filleting
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t=1.0 t=4.0




Antialiasing Binary Volumes
Whitaker, 2000

Treat the binary volume problem
as an undercontrained estimation
problem

Solution must:

Resolve ambiguity by imposing
some other condition

|nverse Problems
Estimating Surfaces In I11-Posed Settings
e Santosa, 1996 — Image deblurring
e Dorn et al., 2000 — Electromagnetic tomography
e Elangovan & Whitaker, 2001 — Tomography

Tranmission Electron Tomography, Data Courtesy of UC San Diego NCMIR

3D Reconstruction From Range Data
Whitaker, 1998

Estimate 3D surfaces from noisy range measurements taken
from different points of view

A range image Amplitude data Surface rendering

SOl &

Antialiasing Binary Volumes

Example

“ldeal” volume Binary volume  Surface Estimate



Initial Model

No prior
No deformation/fitting

Other Applications

e 2D/3D image segmentation (\Whitaker, 95; Casselles et
al. 95; Malladi et al., 95; etc.)

e Image/volume filtering (Osher & Rudin, 90; Alvarez &
Morel, 1994; Malladi & Sethian, 96; etc.)

¢ Image blending (\Whitaker, 00)
e Computer vision (Kimia & Zucker, 92, 94)
e Physical smulation (Osher & Fedkiw, 00)

e Seealso: Sethian, Level Set Methods and Fast
Marching Methods, Cambridge University Press, 1999
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Model Fitting To Range Data

Combine data termwith prior (surface area penalty)

29
= |09IG( +H (¥

The dataterm, G(x), includes inference from a set of
registered range maps

O B

Final Estimate

Prior
Deformation/fitting
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V1 SPack

Volume-Image-Surface Package
Capabilities
e Image processing
e Volume processing
e Level-set surface modeling
Design
e C++— object oriented

Data handles/copy on write

Templates

Functional interface — operator overloading

File /O (extensible) — no GUI SCl Q

Level-Set Surface Modeling

0 _ J—
a_‘tp = aF(x,0¢)-O¢+ BG(x, 0¢)|0¢|

+v|0¢| +nE(Dg,D?p)

SCl iy

Software
How Can | Get Started?
e VISPack
e NLM Insight Project

Operator Overloading
3D Edge Detector

Vol une<fl oat > dx, dy, dz;

Vol ume<f | oat > vol _gauss = vol . gauss(0.5);

Vol ure<f | oat > vol _out

(((dx = vol _gauss. dx()). power (2)*vol _gauss. dx(2)
((dy = vol gauss. dy()). power(2)*vol gauss. dy(2)
((dz = vol gauss. dz()). power(2)*vol gauss. dz(2)
dx*dy*(dx).dy() + dx*dz*(dx).dz())
dy*dz*(dy).dz()) )).zeroCrossings()

&& ((dx.power(2) + dy.power(2)) > T*T));

o+ 4+ o+ N



Example: Shape Morphing Object
Subclass Of VoxM odel
Source and target volumes
Inialize to source

Define virtual method:
growmfloat x, float y, float z,
float nx, float ny, float nz)

caliterate() andsave volumes/models at regular
intervals

SOl iy

Conclusions

| sosurface — representing and manipulating solid
shapes

Level set surface models — wide range of applications
for processing volumes and surfaces

Analytical — surface motion — pde’s on volume

L ots of potential

N o o w D PE

VoxM odel Object

Creates amodel from avolume

Calculates AU ., At, etc.

Virtual functions (subclasses) define F, G
Parameters (a, 3, v, n) set by the subclass
Performs an update on the values of uf;
Maintains active set and updates the layers

Provides access to U

ik and list of active grid points.

SOl iy

N o o M v Db

NIH Insight Project

Level Sets (Among Other Things)
Open source, C++, object oriented library (API)
Dataflow architecture
Parallelism and Streaming
Generic framework for pde's
L evel-set surface modeling capability
Release Jan. 2002
http://public.kitware.com/Insight/Web/index.htm
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